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1 Introduction

Selmer groups are a construction in Galois cohomology that are closely related to many objects
of arithmetic importance, such as class groups of number fields, and Mordell-Weil groups and
Tate-Shafarevich groups of elliptic curves. We’ll make these connections precise in a moment, but
you may already be able to imagine the importance measuring the size of Selmer groups, because
the size of class groups, Mordell-Weil groups, and Tate-Shafarevich groups are of fundamental
importance in number theory.

Of course, this is quite a difficult problem. An important tool for it is the notion of an Euler
system. Essentially, an Euler system is a system of Galois cohomology classes that restrict the size
of a Selmer group. The general definition of an Euler system is slighty complicated (and possibly
not even well-established, because there are so few examples to take inspiration from—but I may
not be up to date on the theory). However, there is a canonical example, the Euler system of
cyclotomic units, which gives a good first idea of the nature and applications of Euler systems in
general.

So our plan is to first discuss Selmer groups and where they arise in number theory, and then
to explain the idea of Euler systems as a way to bound the size of Selmer groups, and finally to
look slightly more in-depth at the example of cyclotomic units.

1.1 References

These notes mainly follow the notes of Barry Mazur and Tom Weston from the 2001 Arizona
Winter School. I also consulted the notes of Loeffler and Zerbes from the 2018 AWS as well as
Rubin’s book Euler Systems. The Mazur and Weston notes are a good first introduction to Euler
systems; the Loeffler-Zerbes notes give more recent examples of Euler systems, and general tools
for constructing them; and Rubin’s book is like a whole book on Euler systems.

2 Selmer Groups

Let K be a number field with absolute Galois group GK, and T a free Zp-module (or possibly a
finite abelian group, or a Qp-vector space—the situation is essentially similar) with continuous
GK-action. We can then form Galois cohomology groups Hi(K, T). If Kv is the completion of K at
a place v, then T is also a GKv -module via the natural map GKv → GK, so we get a local Galois
cohomology H1(Kv, T) and a global-to-local restriction map

H1(K, T)→ H1(Kv, T).
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A Selmer group is a subgroup of a global Galois cohomology group consisting of elements
satisfying certain local conditions. A local condition at v is simply a subgroup Fv ⊂ H1(Kv, T). For
example:

• the strict local condition at v is Fv = 0;

• the relaxed local condition at v is Fv = H1(Kv, T); and

• the unramified local condition at v is

Fv = image(H1(GFv , T Iv)→ H1(Kv, T)),

the map of cohomology groups being induced by the map GKv → GFv which makes T Iv a
GFv -module (here Iv ⊂ GKv is the inertia subgroup and Fv is the residue field of Kv). This is
a Galois-cohomological interpretation of “inertia is killed”.

Definition 1. A Selmer structure F for T is a choice of local condition Fv at each place v of K,
which is required to be the unramified local condition at almonst all places. The associated Selmer
group is the subgroup of H1(K, T) consisting of elements satisfying all local conditions; that is, the
Selmer group is the kernel

0→ SF (K, T)→ H1(K, T)→
⊕

v
H1(Kv, T)/Fv.

All of this has a natural duality. Let T∗ := HomZp(T, µp∞) be the Cartier dual of T, which is
again a GK-module (with the “adjoint action”, which I assume to mean τ ∈ GK sends f : T → µp∞

to τ ◦ F ◦ τ−1 or something, using the actions of GK on T and µp∞ ). Then the pairing

T × T∗ → µp∞ ,

together with the cup product on cohomology, induces pairings

H1(K, T)× H1(K, T∗)→ H2(K, µp∞)

H1(Kv, T)× H1(Kv, T∗)→ H2(Kv, µp∞) ⊂ Qp/Zp.

If F is a Selmer structure for T, we can define a dual Selmer structure F ∗ on T∗ by taking F ∗v to
be the annihilator of Fv under the local duality pairing. We obtain a corresponding Selmer group
SF ∗(K, T∗).

As mentioned above, the main reason to care about Selmer groups is that they are closely
related to important arithmetic objects. Let’s see some examples of this.

Example 2. Let T = Zp(1) := lim←− µpn be the cyclotomic character. Recall the local Kummer map

K×v → H1(Kv, T)

α 7→
(

σ 7→ σ(α1/n)

α1/n

)
This induces an isomorphism

K̂×v
∼→ H1(Kv, Zp(1))

after taking the p-adic completion K̂×v of K×v . Using this identification, we can define a Selmer

structure by taking Fv = Ô×Kv
. (This is the unramified local condition for v - p). As always we

take the dual Selmer structure on T∗.
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In this case we find
SF ∗(K, T∗) ∼= A∨,

where A is the p-part of the class group of K and A∨ = Hom(A, Qp/Zp).

Example 3. Let T = E[p] be the p-torsion subgroup of an elliptic curve. The the Selmer group
with respect to an appropriate Selmer structure fits into an exact sequence

0→ E(K)/pE(K)→ SF (K, T)→X(K, E)[p]→ 0.

Thus the Selmer group gives us information on the Mordell-Weil group E(K) and the Tate-
Shafarevich group X(K, E) simultaneously. In particular, a bound on the order of SF (K, T) would
give a bound on the order of X(K, E)[p] as well as a bound on the rank of E(K).

Example 4. Much of the importance of Selmer groups can be summed up in the Bloch-Kato
conjecture. This says that if V is a GK-representation over Qp coming from geometry, then

dimQp SBK(K, V)− dimQp H0(K, V) = ords=0 L(V∗(1), s)

where SBK is the Selmer group produced by a certain Bloch-Kato Selmer structure.
This is a generalization of other important conjectures in number theory. For example, say

V = Vp(E) is the rational Tate module of an elliptic curve. Then

• H0(K, V) = 0;

• the Kummer map E(K)⊗Qp → H1(K, V) lands in SBK(K, V), so rank E(K) ≤ dimQp SBK(K, V),
and in fact it’s an equality if the p-part of X is finite (which is conjectured to be true);

• L(E/K, s) = L(V∗, s) = L(V∗(1), s− 1) so in particular ords=0 L(V∗(1), s) = ords=1 L(E/K, s).

Combining these, we see that in this case the Bloch-Kato conjecture predicts

rank E(K) = ords=1 L(E/K, s),

which is the Birch and Swinnerton-Dyer conjecture.

3 Motivation for Euler Systems

Now, how can we get a handle on the size of Selmer groups? Very vaguely, the idea is to produce
elements of Galois cohomology groups that impose restrictions on our Selmer group. Recall the
duality pairings

H1(K, T)× H1(K, T∗)→ H2(K, µp∞),

H1(Kv, T)× H1(Kv, T∗)→ H2(Kv, µp∞) ⊂ Qp/Zp.

In this way we can interpret elements of Galois cohomology groups as functionals on the Galois
cohomology groups (or Selmer groups) of the dual representation.

Moreover, it’s a fact that the local pairing is a perfect pairing, while the global pairing, at least
after summing over local factors

H1(K, T)× H1(K, T∗)→ H2(K, µp∞)→ Qp/Zp
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is identically zero. This implies that if h ∈ H1(K, T) and σ ∈ SF ∗(K, T∗) have local restrictions hv
and σv, then we can regard hv as a functional on SF ∗(Kv, T∗) (we could even use the image of hv
in H1(K, T)/Fv, because Fv is the annihilator of F ∗v ), and we have the relation

∑
v

hv(σv) = 0.

The idea is that by producing enough relations, we can bound the size of the Selmer group.
To be more precise, we introduce a way to modify Selmer structures. If F is a Selmer structure

for T and a ⊂ K is a fractional ideal, we define a modified Selmer structure Fa by

Fa,v =

{
Fv ordv(a) = 0
H1(Kv, T) ordv(a) 6= 0

.

That is, we define Fa to be F with the local conditions at a relaxed.
Now there is the following exact sequence of Selmer groups.

0→ SF (K, T)
(1)→ SFa

(K, T)
(2)→

⊕
v : ordv(a) 6=0

H1(Kv, T)/Fv
(3)→ SF ∗(K, T∗)∨

(4)→ SF ∗a (K, T∗)∨ → 0.

The map (3) is regarding elements of H1(Kv, T) as functionals on H1(Kv, T∗), thus on F ∗v and
then SF ∗(K, T∗), by the local duality pairing (and we can quotient by Fv because elements in Fv
annihilate F ∗v ).

We put this exact sequence to work in the following way. In many cases we can find an a so
that SF ∗a (K, T∗) vanishes (note that Fa is got by relaxing conditions, so F ∗a is got by imposing
extra conditions, which cuts down SF ∗a (K, T∗)). Then

SF ∗(K, T∗) ∼=

 ⊕
v : ordv(a) 6=0

H1(Kv, T)/Fv

 /SFa
(K, T).

If we can find elements of SFa
(K, T) that generate

⊕
v : ordv(a) 6=0 H1(Kv, T)/Fv up to index N, then

we get a bound #SF ∗(K, T∗) | N on the order of a Selmer group.
In practice, choosing a so that SF ∗a (K, T∗) vanishes is “easy”, while finding elements of SFa

(K, T)
that generate

⊕
v : ordv(a) 6=0 H1(Kv, T)/Fv up to finite index is “hard”. One way to produce such

elements is using an Euler system.

4 The Euler System of Cyclotomic Units

We’ll try to give some idea of the flavor this method through the example of cyclotomic units. Fix
K = Q(ζp)+ for some odd p, and T = Zp(1) with the Selmer structure defined above. Instead of
working only with the Galois cohomology groups of K, we work with Galois cohomology groups
of a tower of extensions of K.

For m > 1, define cm := ζm − 1 ∈ Q(ζm)×. For any prime `, we have the fundamental norm
relation

NQ(ζm`)/Q(ζm)cm` =

{
cm ` | m
(1− Frob−1

` )cm ` - m
.

Here Frob` is the Frobenius at ` in Gal(Q(ζm)/Q), and the action is multiplicative, so

(1− Frob−1
` )cm =

cm

Frob−1
` cm

.
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Note that we can use the Kummer map Q(ζm)× → H1(Q(ζm), Zp(1)) to transport the cm to Galois
cohomology classes over Q(ζm).

This is essentially what an Euler system is: a system of Galois cohomology classes ascending
a tower of field extensions, which satisfy a certain norm relation involving “Euler factors” (which
seems to be where the name “Euler system” comes from).

Vaguely, the strategy for bounding the Selmer group in this case is to produce certain operators
in the group algebra of a Galois group which convert our cm ∈ Q(ζm)× to some elements dm ∈ K×,
which we then transport to Galois cohomology using the Kummer map. It turns out that the
index of the submodule these elements generate can be computed, and the result is the following
theorem. (See Weston’s notes, and the references therein, for more details).

Theorem 5. #SF ∗(K, T∗) | [O×K : CK] where CK is the group of cyclotomic units in K. (The group CK
of cyclotomic units in K = Q(ζp)+ is defined to be the intersection of O×K with the multiplicative group
generated by {±ζp, 1− ζa

p | 1 ≤ a > p}).

Recall that SF ∗(K, T∗) is dual to the p-part of the class group of K. The above theorem therefore
gives a bound on the p-part of the class group of K. Of course, Euler systems are not the first nor
the simplest way to relate the class group of K to cyclotomic units. But this argument is of the sort
that can be generalized to much more difficult situations.

For example, the same argument can be used to prove the divisibility on the level of χ-
components for any character χ : Gal(K/Q) → Z×p , which in particular implies Ribet’s converse
to Herbrand’s theorem. As another example, these ideas can be extended to prove the main con-
jecture of Iwasawa theory: essentially the Euler system allows us to work with all class groups in
the tower simultaneously.
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